We discuss the dynamics of extended test bodies for a large class of scalar-tensor theories of gravitation. A covariant multipolar Mathisson-Papapetrou-Dixon type of approach is used to derive the equations of motion in a systematic way for both Jordan and Einstein formulations of these theories. The results obtained provide the framework to experimentally test scalar-tensor theories by means of extended test bodies.
I. INTRODUCTION
Scalar-tensor theories have a long history and they belong to the most straightforward generalizations of Einstein's general relativity (GR) theory. In the so-called Brans-Dicke theory [1] [2] [3] [4] [5] a scalar field is introduced as a variable "gravitational coupling constant" (which is thus more correctly called a "gravitational coupling function"). Similar formalisms were developed earlier by Jordan [6, 7] , Thiry [8] and their collaborators using the 5-dimensional Kaluza-Klein approach. The interested reader may find more details on the history and developments of scalar-tensor theories in [9] [10] [11] [12] .
Surprisingly little attention was paid to the equations of motion of extended test bodies in scalar-tensor theories. Some early discussions can be found in [3, 13, 14] , and in [15] the dynamics of compact bodies was thoroughly studied in the framework of the post-Newtonian formalism. However, the complete system of generalized Mathisson-Papapetrou-Dixon [16] [17] [18] [19] [20] equations of motion of extended test bodies in scalar-tensor theories was never derived and analyzed. Our paper fills this gap.
II. POINT PARTICLES IN SCALAR-TENSOR THEORIES
A specific (and unusual, as compared to GR) feature of scalar-tensor theories is the status of the metric field. As it is well known, one can redefine the metric using the conformal Weyl transformation
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Einstein frame has been established in the literature, depending on whether quantities are based on the unscaled or rescaled metric in (1) . An interesting question then arises how the actual experiments look in these two conformally related frames.
To illustrate this issue, let us consider the dynamics of a point particle coupled to the gravitational field. The action has the familiar form
A standard exercise is to derive the equation of motion of a point particle evaluating the variation of the action (2) with respect to the particle's coordinates x i (s). The result
describes a geodesic curve. When such a particle is minimally coupled to the gravitational field in GR, this is the only option. Also in scalar-tensor theories we obtain the same result in Jordan's frame of reference. However, in Einstein's frame the same point particle action reads
It is straightforward to perform a variation of the action with respect to the particle's coordinates and to derive the corresponding Euler-Lagrange equation of motion:
(5) As we see, the dynamics of a point particle for the conformal metricĝ ij is no longer geodetic. The particle is driven away from the geodesic curve by a "pressure"-like force determined by the scalar field. Note that the Christoffel connection of the conformally transformed metric reads
The non-geodetic motion (5) was interpreted in earlier studies [2] [3] [4] [5] as a manifestation of a natural variability of the particle's mass due to the non-constant gravitational coupling function. We thus have two representations in scalar-tensor theories. If the mathematical relation between the two metrics is given, one can view the choice of g ij orĝ ij as just a matter of convenience. However, a construction of a physical reference frame is a nontrivial task both for the Solar System and in cosmology, and there are controversial claims concerning the inequivalence of Einstein's and Jordan's frame in the literature, see for example [21] [22] [23] [24] . In any case, having in mind the experimental verification of scalar-tensor theories in either Einstein's or Jordan's frame, it is necessary to derive the equations of motion for extended test bodies in scalar-tensor models. Early attempts in this direction were made in [3] and [15] , but the complete analysis in a multipolar framework of the Mathisson-Papapetrou-Dixon type was never performed.
III. CONSERVATION LAWS IN JORDAN FRAME
For the sake of generality, we consider the class of scalar-tensor theories along the lines of [15] . Namely, we study the action
with the Lagrangian
This action is an extension of the standard Brans-Dicke theory [25] to the case in which we have a multiplet of scalar fields ϕ A (capital Latin indices A, B, C = 1, . . . , N label the components of the multiplet). Here κ = 8πG/c 4 denotes Einstein's gravitational constant and in general we have several functions of scalar fields,
The Lagrangian L m (ψ, ∂ψ, g ij ) depends on the matter fields ψ and the gravitational field. One can understandκ := κ/F 2 as a variable gravitational coupling function, and the two terms (8) determine the dynamics of the gravitational coupling.
Variation with respect to the scalar fields ϕ A and the metric g ij yields a system of field equations in the Jordan reference frame:
The N × N matrix γ AB is assumed to be non-degenerate and we denote the inverse by γ AB . The subscripts ,A denote derivatives with respect to the scalar fields. In particular, F ,A = ∂F/∂ϕ A , U ,A = ∂U/∂ϕ A , and we introduced
The energy-momentum tensor of the scalar fields
is added to the energy-momentum of matter
and together they act as sources of the gravitational field. Next we derive the conservation law of the energymomentum. It is straightforward to check, using (13) and the field equations (10) , that
whereas using the Ricci identity we verify that
As a result, we find that the covariant divergence ∇ i of equation (11) yields the usual conservation law for matter
IV. CONSERVATION LAWS IN EINSTEIN FRAME
The conformal transformation (1) with the scale factor Φ = F brings the theory to the Einstein reference frame. As a result of this transformation, the Lagrangian density in the action (7) is recast into L = √ −ĝ L with
Here the scalar curvature R is constructed from the metricĝ ij , and
We will assume that the field redefinition is nondegenerate in the sense that the determinant of the resulting matrixγ ab does not vanish. In the non-degenerate case, the field equations in the Einstein frame (derived from the variation of the action with respect to ϕ A andĝ ij ) read
The analogs of (12), (13) and (14) in the Einstein frame are given by:
One can verify the following relation for the trace of the energy-momentum tensor of matter:
Using the scalar field equation (20), we find the divergence of the scalar energy-momentum (23):
As a result, the divergence of the gravitational Einstein field equation (21) yields the conservation law for the energy-momentum tensor of matter
V. EQUATIONS OF MOTION IN SCALAR-TENSOR THEORIES
The conservation laws (17) and (27) are the starting points for the derivation of the equations of motion for extended bodies in the Jordan and in the Einstein frames, respectively. Whereas (17) obviously does not predict a direct influence of the scalar field on the dynamics of test particles in the Jordan frame, the conservation law (27) reveals the explicit scalar field effects in the Einstein frame.
These qualitative conclusions are completely consistent with the study of the motion of a point particle in section II, where we derived (3) and (5) in the Jordan and in the Einstein frames, respectively.
Our analysis of the equations of motion should add to the ongoing discussion about the Jordan and Einstein frames, and allow for the systematic testing of scalartensor theories by means of extended test bodies. Previously, Magnano and Sokolowski [21] argued in favor of the physicality of the Einstein frame. For other discussions of the Jordan versus Einstein frame controversy, see [23, 26, 27] .
To begin with, we recast (27) into an equivalent form
by introducing
The equations of motion of (extended) test bodies can now be derived by means of a multipolar approximation scheme by taking the conservation law (28) as a starting point. We use the covariant expansion technique of Synge [28] , and define moments of an extended body along a reference world-line with the help of Riemannian geodesics. The general formalism was developed earlier in [29] [30] [31] in the context of gravitational theories with general nonminimal coupling to matter, and we now straightforwardly apply it to the scalar-tensor gravity. Using the proper timeŝ to parametrize the representative world-line y i (ŝ) of a body, we define the multipole moments as integrals over a cross-section Σ(ŝ) of the body's world tube, for n = 0, 1, . . . :
Here we mark with hats the quantities related to the metricĝ ij in the Einstein frame. In particular,σ denotes Synge's [28] world-function,σ y denotes its first covariant derivative, andĝ y x is the parallel propagator with respect to the Riemannian connection in the Einstein frame.
a. Pole-dipole order Making use of our general results [29] [30] [31] we then obtain the equations of motion of an extended body in the pole-dipole approximation
As usual, an extended body is characterized by the 4-velocityv a = dy a /dŝ and the spin tensor s ab = 2p [ab] . The scalar field affects the body's dynamics via the structure of the generalized momentum and angular momentum
and via the additional force and torque in the generalized Mathisson-Papapetrou equations 
We thus find that the monopolar equation of motion (38) of an extended body is perfectly consistent with the one in (5) derived from the point particle action.
VI. CONCLUSIONS
We have explicitly worked out the field equations and the equations of motion for extended test bodies for a large-class of scalar-tensor theories, in the Jordan, as well as in the Einstein frame. Our results show that test bodies in the Einstein frame experience additional forces and torques, depending on the particular version of the underlying scalar-tensor theory. The mass of a body is not constant, and its dynamics is determined by the derivative of log F along a world line. This is consistent with earlier analysis [15] . Furthermore, it is interesting to note, that qualitatively the structure of the equations of motion of test bodies in the Einstein frame resembles the one found in theories with nonminimal coupling to matter [29] [30] [31] .
Our general results can be used for the systematic testing of different "flavors" of scalar-tensor theories. Together with our previous results in theories with nonminimal coupling [29] [30] [31] , we have now established the basis for further systematic tests and comparisons of very large classes of gravitational theories by means of extended test bodies.
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